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Six-dimensional (1, 0) supersymmetric gauged Einstein-Maxwell supergravity is extended 
.£_! by the inclusion of a supersymmetric Riemann tensor squared invariant. Both the original 

model as well as the Riemann tensor squared invariant are formulated off-shell and con- 
sequently the total action is off-shell invariant without modification of the supersymmetry 
transformation rules. In this formulation, superconformal techniques, in which the dilaton 
Weyl multiplet plays a crucial role, are used. It is found that the gauging of the U(l) 
R-symmetry in the presence of the higher-order derivative terms does not modify the pos- 
itive exponential in the dilaton potential. Moreover, the supersymmetric Minkowski 4 x S 2 
compactification of the original model, without the higher-order derivatives, is remarkably 
left intact. It is shown that the model also admits non-supersymmetric vacuum solutions 
that are direct product spaces involving de Sitter spacetimes and negative curvature internal 
spaces. 
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1 Introduction 

Higher-order curvature terms in supergravity theories are of considerable importance for 
different reasons. They can be considered as higher-order correction terms (in a') to an 
effective supergravity Lagrangian of a (compactified) string theory (see, e.g., P). These 
Lagrangians are supersymmetric only order by order in the perturbation parameter a'. On 
the other hand off-shell formulations for different curvature squared invariants in 4, 5 and 
6 dimensions have been constructed in [21 El HI El El E| • These invariants, added to a pure 
off-shell supergravity theory, are exactly supersymmetric and can be considered in their own 
right. The off-shell nature of these theories implies that they contain auxiliary fields. It 
is well-known that, when adding higher derivative terms to the Lagrangian, the auxiliary 
fields become propagating. Hence, the elimination of these auxiliary fields becomes much 
harder since their field equations are not algebraic anymore. Assuming that the dimensionful 
parameter in front of the higher derivative part of the Lagrangian is very small, one can solve 
the auxiliary field equations perturbatively and eliminate these fields order by order in the 
small parameter. It remains an open question if and how the on-shell Lagrangian obtained 
in this way is related to the compactified string Lagrangian, which does not contain any 
auxiliary fields to begin withj^] 

Theories containing higher-order curvature terms can provide corrections to black hole 
entropies P, QUI [TT] and can source higher-order effects in the AdS/CFT correspondence 
[121 US]- When considering these theories as toy models on their own they can be compactified 
to lower dimensions. A particular case to consider is the compactification to three dimensions 
[Sj. A particular feature of three dimensions is that D = 3 gravitons are non-propagating 
when only considering 2-derivative Lagrangians. Instead, the addition of higher- derivative 
terms can turn these non-propagating modes into propagating massive graviton modes, see 
e.g. [H] and references therein. These theories can then be regarded as simple toy models 
to study quantum gravity. 

In this paper we study higher-order corrections to a six-dimensional (1, 0) supersymmetric 
U(1)_r gauged Einstein-Maxwell supergravity theory, usually referred to as the Salam-Sezgin 
model [15] . which is a special case of a Sp(n) x Sp(l)# gauged matter-coupled supergravity 
theory that was first obtained in [16]. We shall refer to this more general case as 6D chiral 
gauged supergravity as well. An intriguing feature of the Salam-Sezgin model is that it allows 
a compactification over S 2 to a four-dimensional Minkowski spacetime while retaining half 
of the supersymmetry [15] . One of the purposes of this work is to investigate whether this 
feature survives after the addition of higher-order derivative corrections. To facilitate the 
addition of such higher-order corrections to the model we will first construct its off-shell 
formulation. It turns out that this is only possible for the dual formulation of the model 
where the 2-form potential B has been replaced by a dual 2-form potential B [TTJ ITB] . 
This has the effect that the curvature of the original 2-form potential no longer contains a 
Maxwell-Chern-Simons term, but that instead a term of the form B A F A F, where F is 



lr The elimination of auxiliary fields in higher derivative theories has been discussed in [L. A conjec- 
tured duality between a supergravity Lagrangian with the auxiliary fields eliminated perturbatively and a 
compactified string Lagrangian, without auxiliary fields, can be found in section 5 of [8]. 



the Maxwell field strength, appears in the Lagrangian. 

To construct the off-shell formulation we will make use of the superconformal tensor cal- 
culus. As a first step we will review the construction of off-shell minimal D = 6 supergravity 
[T9| |2"U] . In this construction one makes use of the dilaton Weyl multiplet (obtained by 
coupling the regular Weyl multiplet to a tensor multiplet) coupled to a linear multiplet as 
compensator. After fixing the conformal symmetries, this theory still has a remaining U(l) 
R-symmetry which is gauged by an auxiliary vector V M . We will couple this 'pure' theory 
to an Abelian vector multiplet and show that after solving for the auxiliary V^, the gauging 
proceeds via the vector W^ of the Abelian vector multiplet. 

After constructing the off-shell formulation of the gauged (1,0) supergravity theory, we 
investigate its deformation by an off-shell curvature squared invariant [2JE]. To construct this 
invariant it is essential to make use of the dilaton Weyl multiplet. We review the construction 
of this higher-derivative term and add it to the off-shell (1,0) supergravity theory. Next, we 
study the gauging procedure in the presence of the Riemann tensor squared invariant. 

As a first step towards understanding the properties of the higher-derivative extension 
of the model we perform a systematic search for vacuum solutions. We construct both 
supersymmetric as well as non-supersymmetric solutions. For one particular supersymmetric 
solution, namely six-dimensional Minkowski spacetime, we calculate the fluctuations around 
this background and show how these fluctuations fit into supermultiplets. 

This paper is organized as follows. In section [2] we review the off-shell version of the 
(1, 0) supergravity model [T9J [20] and describe its gauging. In Section [3j we introduce an 
alternative off-shell formulation of the model in view of the fact that it is best suited for the 
addition of the Riemann tensor squared invariant [2]. In section El we discuss the construction 
of the Riemann tensor squared invariant and arrive at the total Lagrangian for the higher- 
derivative extended QD chiral gauged supergravity theory. In Section [5j we investigate the 
vacuum solutions of this model. We summarize and comment further on our results and on 
some interesting open problems in the Conclusions section. Throughout the paper we follow 
the notation given in Appendix A of [20J. 

2 Off-shell Gauged (1,0) Supergravity 

In this section we present an off-shell version of the dual formulation [TT| [18] of the Salam- 
Sezgin model [151 US]- I n the first subsection we give the off-shell Lagrangian of pure super- 
gravity plus a tensor multiplet as constructed in P32 [20] ■ In the next subsection we couple 
a vector multiplet to this theory and show that the resulting Einstein-Maxwell model leads 
to a non-trivial U(l) gauge symmetry that is not gauged by an auxiliary vector field. In 
the last subsection we show that after eliminating the auxiliary fields one ends up with a 
Lagrangian in which the U(l) gauge symmetry is effectively gauged by the physical vector 
of the vector multiplet. We furthermore show that, after dualizing the 2-form potential 
into a dual 2-form potential, this Einstein-Maxwell model is nothing else than the original 
Salam-Sezgin model. 



2.1 Off-shell Poincare Action 

The off-shell (1,0) supergravity action has been constructed by means of a superconformal 
tensor calculus in which the off-shell so-called dilaton Weyl multiplet with independent fields 

{e/,^,I^,V^ A,^,a} (2.1) 

and Weyl weights (—1,-1/2,0,0,0,5/2,2), respectively, is coupled to an off-shell linear 
multiplet consisting of the fields 

{E pupa ,L^ ,^} , (2.2) 

with Weyl weights (0,4,9/2), respectively. The fields (ip p ,ip\ (p l ) are symplectic Majorana- 
Weyl spinors labelled by a Sp(l)# doublet index, the fields B and E are two- and four-forms 
with tensor gauge symmetries, respectively, b p is the dilatation gauge field and L t j are three 
real scalars. An appropriate set of gauge choices for obtaining off-shell supergravity with the 
Einstein-Hilbert term, namely C = eR + • • • , is given by 



T 1 A 


^ = o, 


b P = 



(2.3) 
which fixes the dilatations, conformal boost and special supersymmetry transformations. 



Moreover, the first of the gauge choices in (2.3) breaks Sp(l)# down to XJ(1)r. This set of 



gauge choices leads to an off-shell multiplet containing 48 + 48 degrees of freedom described 
by the fields [H] (see Table 5 of [20]) 

e/ (15) , V'; j (12) , V M (5) , B pu (10) , o (1) , E^ pa (5) ; ^ (40) , ^ (8) . (2.4) 

The field V p is the gauge field of the surviving U(l)i? gauge symmetry. It arises in the 
decomposition 

V? = ltf* + i^V M , V^ = 0, (2.5) 

where the traceless part V' 4 - 7 has no gauge symmetry. A superconformal tensor calculus 
method was employed in [19] where the bosonic action was given, and a procedure for 
obtaining the full action was provided. This full action, including the quartic terms, was 
constructed in [20J . The Lagrangian up to quartic fermion terms is given by [191 EOJ n 

e~ 1 /:«| jE=1 = \R - \a-%ad^ - ^F, up {B)F^{B) + V^V™ 



4 " ^2 M 4v/2 



E»E, + — #% - —E^lY^Aj 



-^^ up D u {u)ij p - 2a- 2 ^YD' p (uj)ij + a- 2 ^7'W<V (2.6) 

-^a- l F pvp {B) (^ A 7[A7^ p 7r]^ r + Aa^xl^l^ ~ 4a" WY) . 



2 We use the conventions of [2U]. In particular, the spacetime signature is (—+++++), 7a r -a 6 = £ai— a 6 7*j 
7*e = e, ipi^Pj = — ipjipi an d ^il^ipj = ipjl^i- These conventions differ from those in [19 in using signature 
( — (-...+) rather than the Pauli convention (+ + ...+), in rescaling Vlj by a factor of —1/2, and the minus 
sign in the definition of the Ricci tensor. The signature change merely results in rescaling g^i— **s ^y a f ac ^ or 
ofi. 



The indication L = 1 in the left-hand side indicates all the gauge choices (2.3). Here we 



have defined the field strength for the 2-form potential and the dual of the field strength for 
the 4-form potentials as follow^ 






Sd^Bvp] , 
1 



24 



-1 flVvVSQ T7 



(2.7) 
(2.8) 



The U(l)i? covariant derivatives Dp(u) and the full SU(2) covariant derivatives D'AuS) are 
given by 






(d, + \uj, ah la M 



\v^^ vj , 



(0„ + \uj, ab lab W - \v^i + v*tf , 



(2.9) 
(2.10) 



where Up a f, is the standard torsion-free connection. Note that the symmetric traceless field 
V'* J , occurring in the decomposition (2.5), is absent in the covariant derivative of the grav- 
itino [20]. This is a consequence of having broken the SU(2) symmetry present in the dilaton 



Weyl multiplet by the gauge choices (2.3). In the above formula, and throughout the paper 



the spin connection u^ is the standard one associated with the Christoffel symbol, and as 
such, it does not depend on fermionic or bosonic torsion. The supersymmetry transforma- 
tions, up to cubic fermion terms, are obtained from Sec. 2 of [20] : 
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(2.11) 



5V" 



\e {l YR^\Q) + ^~Vy (V 6 ^)- 



ij) 



wj + W7* £ (i i ■ nm 



Mv 



1 4) 



24 
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1 



+-a- 1 ^W(u)^ - -a-^pY^^ - _<r- 2 e<V7 • F{B)^ + 2fj^ 
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3 Note that the definition of E^ here is purely bosonic, and it differs from the definition used in [TTJII20] . 
where it is a superconformal covariant expression with fermionic bilinear terms. 



where D^iuj)^ is defined as in (2.9), R^iQ) is the gravitino curvature and rji is the effective 



contribution from the S'-supersymmetry in the superconformal algebra: 

z?>y = (a, + \u, ab lab y - \v^e j , 

R^(Q) = 2D [ ,(tu)4>l ] -2V' [ ^ u]j , (2.12) 

Vk = IfrvfrS&ej-^Erfttyfa. (2.13) 

The latter equation gives the compensating special supersymmetry transformation parameter 
in the gauge <p l = 0, as can be read off from eq. (3.37) of [19] . Note that the U(1)_r part of 
V?f has dropped out in this expression. The surviving U(1)r symmetry of the Lagrangian 
Cr is gauged by the auxiliary gauge field V M , which acts as follows n 

5(A) v, = d,x , 5{\y; = l^x^ , 5{\W = ^x^ , (2.14) 

with A being the parameter of the gauged symmetry. 

2.2 Coupling to an Off-shell Vector Multiplet 

We now wish to introduce a gauge multiplet, whose vector is not auxiliary, to gauge the U(l) 
R-symmetry. The present gauging by V^, discussed in the previous subsection, is undesirable 



since V M has no standard kinetic term. In fact, we will show in subsection 2.3 that the gauge 
symmetry becomes trivial after solving the 4-form potential in terms of a scalar field. 

To obtain this non-trivial gauging we follow [19] and add to £r the kinetic terms for 
an abelian vector multiplet Cy. The multiplet consists of the fields (W^, Yy,f2j), being a 
physical gauge field, an auxiliary SU(2) triplet, and a physical fermion. They transform 
under dilatations with Weyl weights (0,2,3/2), respectively. We add the coupling #£vl 
of the vector multiplet to the compensating linear multiplet. Prior to fixing any of the 



conformal symmetries, these Lagrangians, up to quartic fermion terms, are given by [19] 

-Y Q e- l E^ paXT B, u F pa (W)F XT (W) - 4fity%- 

+ ^ (a0 7 ^ 7 ■ F(W)^ + 2H 7 ■ F(W)i/>) + ^n 7 • F(B)Q , (2.15) 

e-^VL = Y ij L i i + 2tttp-L i ^ ldl »n j + ^W IM E>* J (2.16) 

4 The U(l)fl is the subgroup of the full SU(2), under which the gravitino transforms as 

h; = -aw = ( A ' lJ + \^M»i , 

where A' 1 - 7 is traceless. A similar formula holds for ip\ 



where D' (u)Q l is defined as in (2.10). This action has the full SU(2) symmetry. 



The coupling of the vector multiplet to supergravity is then achieved by considering the 
Lagrangian 

(2.17) 



£1 = \£r + £v + g£vL 



L=l 



where as before l L = 1' refers to the set of gauges given in (2.3). This formula, up to quartic 
fermion terms, yields the result 



e- l d 



\R - \o- 2 d,od^ + ^gS'% - \- 2 F, up (B)F^(B) 



+V' ij V\ 



1 



1 



EPEp + -zEUVp + -^gW») 



<?¥*% - -aF pv (W)F^(W) - —e~ 1 e^^ XT B pi/ F pa (W)F XT (W) 



4 



16 



1 
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+ \f, u {W) (crfi 7 V^A + 2^» + ^F^ p (B)ti^n . 



(2.18) 



The action corresponding to the Lagrangian C\ is invariant under the supersymmetry trans- 



formations (2.11) supplemented by the supersymmetry transformations of the components 



of the off-shell vector multiplet. The transformations of the latter are given up to cubic 
fermion terms by [19] 



5Q l 
5Y ij 



^7 • F{Wy - l -Y^e 



~$>f (d'^W - ^7 " F(W)% + l^% k ) + Fi'iV ■ (/ h ./) . (2.10) 



where rj is as defined in (2.13 ). The Lagrangian C± also has a manifest U(1)rXU(1) symmetry 



with transformations parametrized by A and r\ 



6V„ 



d p X , SW P = d p i], 



HI 



-\5 ij ip 



<ty>* 



-\5 ij ip 



<Jft* = -\5 ij tt 



3 ' 



where (A , rj) are the parameters of the (u(l)i? , U(l)) symmetry, respectively. 



(2.20) 



2.3 Elimination of Auxiliary Fields 



We consider Lagrangian £ x given in (2.18), and begin by writing down the field equations 
for the auxiliary fields Yy, V' y , V M , E pvpa : 



= V 1 ; 3 + (a- 2 tp%ij j + aQ { lfl Q j - trace) , 



= E» + V26V [ ^vcf^pi - (T^itfy - crtta^j 



(2.21) 
(2.22) 
(2.23) 



= e XTp ^d p (E u -V2V v -gW v + ^r i lua ^5^ . (2.24) 



The elimination of Y^ in (2.18) by means of (2.21) gives a positive definite potential \g 2 a l 



and the elimination of V' 4J by means of (2.22) gives only quartic fermion terms in the action. 
Next, (2.24) implies that locally we can write 



E^ - V2V P - gW^ 



2^2 



r^^r^n = QA 



(2.25) 



for some scalar field transforming under the U(1)_r x U(l) transformations (2.20) as 

5<p = -grj - V2\ . (2.26) 



The terms in (2.25) can be rearranged to write 



iTlW#"« 



ij ' 



with the covariant derivative of the scalar field defined as 

D^ = d^ + V2V p + gW^. 



(2.27) 



(2.28) 



Using (2.27) to eliminate E^ in the Lagrangian (|2.18|) amounts to dualization of the 4-form 
potential E fiupa related to E p as in (2.8 ) ; 



The shift symmetry (2.26) can be used to eliminate the scalar field 0, by setting it to a 



constant 0q. This in turn implies a compensating A = —gr]/y2 transformation, leading to 



an unbroken U(l) symmetry. Eliminating in this way, (2.23) and (2.25) imply 



V, + -j=gW, = (a-^%^ + <&%&) 5 l3 , 



(2.29) 



Using this equation and (2.23) in the terms involving E„ in the action gives rise to only 



quartic fermion terms. The use of (2.25) in the fermionic kinetic terms, however, has the 



D The same result is obtained by adding a total derivative Lagrange multiplier term eE^d^ip to the 



Lagrangian (2.18) and integrating over E 1 * 



effect of replacing V M by —gW^/y/^,, up to quartic fermion terms in the action. Thus, 
altogether, the elimination of all the auxiliary fields yields, up to quartic fermion terms, the 
following Lagrangian: 



e- l C 



,2-1 1 -2 



■ v = \ R ~ \ a ~ 2d » ad * a - -/ a ~ Y - YA a ~ 2F ^ {B)F " up{B) 



l -aF^{W)F» v {W) + ^e- 1 e^ aX - r F liVp {B)F XT {W)W a 
■h p ^ up V^ u - 2a~ 2 ^V^ - 2<rtofV li n 



+a- 2 ^YY^a + -^S ij {^YVj + 4a" 1 ^) 
2y 2 

+ \F,v(W) {crQYr^p + 20 7 ^) + ^F^Wn-y^n 



(2.30) 



48 



-a 



^(B) U x 1[xl ^ lr] r + 4a-^ A7 ^7V - 4a" W P V0 , 



where 









zy* = (d, + - A u, ah lah )w + -Lgw^mj 



(2.31) 



This Lagrangian has the on-shell supersymmetry given, up to cubic fermion terms, by the 



transformation rules for (e£, ■0', B^^^o) in (2.11), and for (W p ,Vt % ) in (2.19), with the 
replacements 



Y ij ->■ 



2^f2 



ga- l 5 %] 



v. - -^ 



Vt j ->■ , 77* -> . (2.32) 



The last substitution is due to the fact that the elimination of V' lJ and E p in (2.13) gives rise 
to quadratic fermion terms only. These results agree with the Lagrangian obtained in [17] 
by direct application of the Noether procedure based on the on-shell closed supersymmetry 
t r ansf ormat ions . 

A dual formulation in which the field equation and Bianchi identity for the 2-form po- 
tential are interchanged is easily obtained by adding a Lagrange multiplier term 



A£=^e^ XT F, up (B)d a B Xr . 



(2.33) 



10 



Treating F^ up (B) as an independent field in C + AC, its field equation can be used back in 
the action, yielding 

e-'Css = \R ~ \a- 2 d a ad a a - ^V" 1 - ^o 2 G, vp G^ p - ^aF^(W)F^(W) 

-]^ pl ^V^ v - 2a~ 2 ^V^ - 2aQ.<fV,Sl 

+\f^ (w) {oQYi^p + 2^» - ^G^n-fen 



(2.34) 



where 



G ltvp = ^d ]ji B vA +ZF ]lHf {W)W A 



(2.35) 



This Lagrangian has the on-shell supersymmet ry giv en, up to cubic fermio n ter ms, by the 
transformation rules for (e®,if;l l ,B fll/ ,'ip i ,(j) in (2.11), and for {W pi Vt l ) in (2.19), with the 
replacements 



Y*3 -+ 



2^/2 



' gcr-W , V M -► ' 



V2 9W - 



&jxv i Ei\w j 



1 



Ffj,v P {B) — ► — cr ee flupa \ T G a T 



77* -> . (2.36) 



These results agree with [15J, [16l [T7], after taking into account the fact that some of the 
fermions are to be redefined by scaling them with a suitable power of the scalar field a. 

3 An Alternative Off-Shell Formulation 

Starting from a superconformal coupling of the dilaton Weyl multiplet to the compensating 



linear multiplet, we made the set of gauge choices (2.3) which led to an off-shell Poincare 



supergravity with field content (2.4). If we do not insist on the canonical Einstein-Hilbert 



term in the action, there exists a natural alternative set of gauge choices given by 



a = 1 , Lij = —j=5ijL , i> 1 = 
V2 



, ^ = 



(3.1) 



which fix the dilatations, conformal boost and special supersymmetry, and lead to an alter- 
native off-shell Poincare multiplet consisting of the fields 

e M ° (15) , VJ j (12) , V„ (5) , B^ (10) , L (1) , E^ pa (5) ; ^ (40) , (p* (8) . (3.2) 



11 



Compared to the previous multiplet given in (2.4) a and ip l are replaced by L and <p\ and 
therefore this multiplet again has 48 + 48 off-shell degrees of freedom. It turns out that 
this formulation of the off-shell Poincare multiplet is very convenient in the construction of 
the only known off-shell higher derivative invariant in D = 6, which is a supersymmetric 



completion of the Riemann tensor squared [2]. What makes the gauge choice (3.1) very 
useful in this construction is that it furnishes a map between the off-shell supersymmetry 
transformations of the Yang-Mills and Poincare multiplets. We shall review this construction 
in the next section. Here we shall focus on coupling a vector multiplet to this alternative 
Poincare supermultiplet. This amounts to seeking an expression for C = Cr + Cy + gCyL 



in the gauge (3.1). 



Starting from (2.15) and (2.16), it is straightforward to obtain Cy and gCyi in the gauge 



(3.1 ). To construct the Einstein-Hilbert Lagrangian in this gauge, on the other hand, we first 
restore superconformal invariance/j by performing suitable field redefinitions in (2.6). This is 
achieved by replacing the fields that transform under dilatations and special supersymmetry 
by 



# 



v; 3 



a 



L 1/4 e a 

£-1/2 



a 



^ 



E a 



e* 



^/ 8 ^ + J_ L - v ^v,) 



L-^E a 



(3.3) 



which are invariant under dilatations and special supersymmetry, as can be checked by using 
the transformation rules given in [TD]. Next, we impose the gauge choices (3.1). Thus, we 
construct the Lagrangian 

(3.4) 



£ 2 = [f-R + £v + g£vL 



where Cr is the Lagrangian given in (2.6) with the field redefinitions (3.3) performed, such 



that the superconformal invariance is restored, and a — 1 refers to all the gauge choices of 



(3.1). A summary of the different gauge conditions and what parts of the superconformal 



Lagrangian they affect can be found in table [T} 



°To be precise, we restore superconformal invariance partially since we do not restore the A"-symmctry. 
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Table 1 
This table shows which gauge conditions leave which parts of the total Lagrangian superconformal (SC) 
invariant and which parts not. In the top row we have indicated on which fields the different parts of the 

superconformal Lagrangian depend. 



Gauge choices 


C R (L,(p,<r,if>) 


£ fl 2 O,v0 


£ v (o 1 ,^) 


£ V l (L,<p) 


L = 1, <p % = 


breaks SC 


SC 


SC 


breaks SC 


a = 1, ^ = 


breaks SC 


breaks SC 


breaks SC 


SC 



Formula (|3.4|), up to quartic fermion terms, gives rise to the following expression: 
e~ l C 2 



l -LR + ±L-%Ld»L + \gL5 ij Y i3 - ^LF^(B)F^(B) 



+ Y i % - )f^{W)F^(W) - ^e- 1 e^' TX ' r B IMV F p(T (W)F XT (W) 

+2g£i<p + in 7 " 7 ■ F(W)^ + ^ 7 ■ F(B)Q + ^^7 • F(B)<p 

-±LF, up (B) (^ x 1[x Y up lr]V + 2V2L-^ Xll X ^ p ^) 
~^E p faY^iSij ~ 2v / 2L- 1 ^ 7 p 7> + 2L-Vi7 / V;<*°') 



fa^j 



(3.5) 



where E p is not an independent field but rather the dual of the field strength for the four-form 
potential, see (2.8), the derivative D p (u)ip u is U(l) covariant as in (2.9), and the derivatives 



D'^u)^ and D' (u)Vl are SU(2) covariant as in (2.10). 

The off-shell supersymmetry transformations for this Lagrangian are to be obtained from 



those of the dilaton Weyl multiplet upon fixing the gauges (3.1 ). It is important to note that 



the field redefinitions (3.3 ) are not to be performed in this process since these transformations 



are independent of the linear multiplet fields that were used to impose the gauge choices (2.3). 



In obtaining these transformations, the compensating transformations required to maintain 



the gauge (3.1 ) must also be incorporated. These are a compensating special supersymmetry 



transformation and a compensating (traceless) SU(2) transformation with parameters given 
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by (up to cubic fermion terms) 

rf = ^l-F{B)e\ 

\ HJ = --^(V'^'%) , (3.6) 

wherqj 

S"v = e(y) _ ±5 ij e k <p% e (3.7) 

is the supersymmetry transformation of the traceless part of L % K Note that the prime stands 
for 'traceless', i.e. S'^Sij = 0. These compensating transformations can be obtained from 
the transformation rules for ip l and L 1 ^ given in |19j . 

Thus, using the supersymmetry transformation rules for the dilaton Weyl multiplet pro- 



vided in [THl [20], the gauge conditions (3.1) and the compensating transformations with 



parameters given in (3.6), we find that the supersymmetry transformations of the off-shell 



Poincare multiplet, up to cubic fermion terms, take the form 



<V = -e 7 > M , 



1. 

2* 



V = ^f^d^ - \^E^ + ^V'^S^Le, - -^LS 1 ^ ■ F(B)e 3 , 



2^2' " J I M V2' '"" J 12>/2 

1 



<5L = —^(^if^dij , 



SV P = ^e i j v R fiU j (Q)S ij + ^e' 7 • F(B) V<% - 2A ,l fc V;/% , 



24 
where 



J-e fc 7 • F(B)^8 M 8v + 0„A'« - A' V*^ , (3.* 



iV(Q) = 2D^(w)Vt] - 2V ( 7^ b - + V 6 Vv F mH • (3.9) 



7 It is instructive to write out the A' parameter in components: 

A' 11 = —A' 22 = q' 21 a' 12 = c'li 
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The supersymmetry transformations of the off-shell vector multiplet are (up to cubic fermion 
terms) 

an* = ^V-^i' 

SY ij = -e {i YD'^u)Q j) + -e ( V7 ■ F(B)^ - -^e (i 7 ■ F(B)Q j) 

_Iy*(*e>VV - 2\' ( - i k Y» k . (3.10) 

To keep the notation relatively simple we did not use the explicit expression for A /2J in the 



above transformation rules. Remember that it is given in (3.6). 



Considering the Lagrangian (3.5[) by itself, that is, without any higher derivative exten- 



sion, all the auxiliary fields, namely (V^ , E^ pcr , Y 13 ) can be eliminated, thereby arriving at 



the on-shell formulation. Computations similar to those described in detail in section 2.3 



imply that the on-shell Lagrangian, up to quartic fermion terms, is obtained from (3.5) by 
the following substitutions: 

Y*->-^=g5*L, Vp^—gWp, V^ -> , E^ -> . (3.11) 

The on-shell supersymmetry transformations, up to cubic fermion terms, are obtained from 



(3.8) and (3.10) by making these substitutions, and dropping the transformation rules for 
the auxiliary fields (E pupa , V?f, Y lJ ). 

4 Inclusion of the R [xva \ ) W vah invariant 

In this section we add an off-shell supersymmetric Riemann tensor squared term to the 



Lagrangian £ 2 , defined in (3.4), which we constructed in the gauge (3.1). This gauge gave 
rise to an alternative off-shell formulation of the Poincare multiplet. In the first subsection we 
begin with a review of the construction of the Riemann squared invariant [2]. In the second 
subsection we consider the total Lagrangian and briefly discuss the gauging procedure and 
the elimination of auxiliary fields. 

4.1 Construction of the R ybVa \ ) W vah invariant 

To begin with, we shall review a map between the Yang-Mills supermultiplet and a set of 
fields in the alternative Poincare multiplet discussed in the previous section. We follow the 
discussion in [3] . This map can be used, together with an expression for the superconformal 
action for the Yang-Mills multiplet given in [19], to write down a supersymmetric Riemann 
tensor squared action. We will describe this in detail below. 

In establishing the map between the Yang-Mills and Poincare multiplets, it is important 
to consider the full supersymmetry transformations, including the cubic fermion terms which 
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have been omitted so far. In particular, this means that we need to keep track of the complete 
spin connection, containing the fermionic torsion terms. This is due to the fact that, while 
the fermionic torsion gave rise to only quartic fermion terms in the Lagrangians considered 
above, in the case of the Riemann tensor square invariant under consideration in this section, 
the same fermionic torsion will contribute to terms that are bilinear in the fermion terms. 
We shall show this explicitly below. In the following, we shall need the (full) supersymmetry 
transformation rules only for the fields (e°, t/> m , VJf, B pu ), and the Yang-Mills multiplet fields 
(W^ , Q 1 , Y^ 1 ), where I labels the adjoint representation of the Yang- Mills gauge group. 
We begin with the supersymmetry transformation rules of (e", W> V* J , B^ v ) in the gauge 



(3.1 ). Up to cubic fermions the transformation rules are already given in (3.8 ). In this section 



we will, however, keep the complete SU(2) symmetry, i.e. we do not impose L u = 4=L<5 U . 
In this way we do not need to accommodate for the compensating SU(2) transformations 
proportional to A' in ( 3.8[ )j^ The full version of the supersymmetry transformations is given 
by[2] 



be, 



Hu 



sv; 3 



SB 



1 



r?7 a Vv 



'* J 



fJ,U 






(4.1) 



where the fermionic torsion and the different supercovariant objects are defined as 



w M ± 



ab 



U. 



K, 



ab 



ab 



^ ab ± - 2 h a \B) , 

2e^ a d lu eJ - e^e b ^e u c d e ac + K, 



fi '-'p^ac 



ab 



l^^ + r^) 



3 T 



F^p(B) = 3d {ll B up] + -ip^i/ip] 



Rpu l (Q) = 2[d [fl + -Q +[fl ab lab )^ + 2V [fl l J ^. 



(4.2) 



8 In this section we only want to establish a map between the Poincare multiplet and the Yang-Mills 
multiplet and propose an i? 2 -invariant based on the action for the Yang-Mills multiplet. Both actions are 
invariant under the SU(2) R-symmetry. To prove the validity of this map, we need the full nonlinear SUSY 
transformation rules. After we construct the action we can still impose the gauge L % i = -4=L<5 y . This will 
not affect the R 2 -invariant. It modifies the supersymmetry transformation rules with SU(2) compensating 
transformations, which leave the action separately invariant. The resulting transformations are those given 



already in (3.8) 
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Next, we consider the following transformations [3] 
80- f = -\ei,R ab (Q), 



1 

X 



SR abi {Q) = 7 7 cd e i J R c / b (C_)-F a ^'(V)e j , 



8F*iJ(y) = -l^D„R abj \Q) + ^ i 1 -F(B)R abj \Q), (4.3) 

z 4o 

where F^iV) and i? Mi/ a6 (o)_) are the supercovariant curvatures of V M y and Q- fJj ab , respec- 
tively: 

%J j (V) = F^{V)-^YRu ]p ] \Q)-y^[, {l l-F{B)^\ 
R, u ab (Q-) = R^iu^ + ^^iQ), 
D^R aM (Q) = d»R ab \Q) + ^ cd lcd R aM (Q) + V^R abj (Q) 

-^ cd ^R cd ab (Q^ + F a ^'(V)Vw + 2tu^ ac R c b ^(Q) . (4.4) 

We now compare the above transformation rules with those of the Af — (1, 0), D — 6 vector 
multiplet HI] 

sn H = ^ 7 ■ F\wy - V%- , 

<jy/ij = _ e -(Y^n i)J + — e (i 7 • F(B)^ 1 , (4.5) 



where 



D,n n = d,n R + - A Q^ b lah n R + v;^ 

_I 7 . F 7 (W0VV + ^tytf - fKL'WKtf* (4 6) 

We observe that the transformation rules ( 4.3| ) and (4.5) become identical by making the 
following identifications: 

(-2Q_^ ab , -R aM {Q), -2F abi i{V)) — ► (V/, fi 7i , F /l ') . (4.7) 

Using this observation we can now easily write down a supersymmetric i? 2 -action using the 
superconformal invariant exact action formula for the Yang-Mills multiplet constructed in 
[19]. In the gauge (3.1) and up to quartic fermions, the Lagrangian becomes 

e^YM^ = -\f^{W)F^\W) - 2n I y»D' fi (u;)n I + Y u % + ^F^B^^Q 1 
_l_ e -i £ ^x TB ^ F i^ w)F ^ w) + l Fi/ ^y 7 ^ . (4 . 8) 
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Using the map (4.7) in this formula produces the result for the supersymmetrized Riemann 



tensor squared action. In presenting the results up to quartic fermion terms, it is useful to 
note the following simplification in the torsionful spin connection 



u„ 



(lb 



W M ± 



ab 






(4.9) 



where w, is the standard torsion-free connection. The map (4.7) applied to the action 



formula (4.8) then yields, up to quartic fermion terms, the resultFJ 



e l £ R 2 



(7 = 1 



R^ ab {uJ)R»\ b {uj_) " 2F ab (V)F ab (V) -AF' ab ^(V)F' (V) 



+ e -l^A,R R ab, _ )R 



I ^fiu^^pa 



\rab\U- 



abi 



+2R +ab (Q)YD fl (u,Lo_)R a + b (Q) - R up ab (oo.)R +ab (Q)YY p ^ : 



1 TI 



-8F'^(v) ^ixKM + - a Vn ■ F(B)^ 



6 



~Bf(Qh ■ F(B)R +ab (Q) 



1 



£>>_, T + )R^ b (uj - 2F (iv r(B)R'™ ab (u-) i>«l P A , (4.10) 



where 



£>>, oj-)Rf(Q) = (fy + ^< d 7cd ).Rf (Q) - 2u^ a R +c b ^{Q) + V^R^^Q) , 



and the torsionful modification of the Christoffel symbol T p v ± is defined as 

T% ± = T% ± \f,J{B) . 
This completes the construction of the supersymmetric i? 2 -invariant. 



(4.11) 



(4.12) 



4.2 The Total Gauged R + R 2 Supergravity Lagrangian 

We now want to discuss what the influence is of these i? 2 -terms on the gauging procedure 



described in section 2.2 The Lagrangian we consider is the following 

1 



C 



total 



U 



m 2 



£& 



(4.13) 



(7 = 1 



To obtain (4.10) we used -£y Note also that F^{V) = ^^(V)^' + F' ij {V) where F^(V) 



2d {i y v] + 2V; k V'J k % and F'^(V) = 2d { ^V v f ~ 25 k « V^Vj 



J) 

] k- 
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with £2 given in (3.5) and £#2 given in (4.10) and with M an arbitrary mass parameter. 
Recall that £ 2 has been obtained as a sum of off-shell supersymmetric Lagrangians £r, Ly 
and Lvl and that £& is off-shell supersymmetric as well. Thus all four parts of the total 
Lagrangian we consider are completely off-shell supersymmetric. So their sum, the total 
Lagrangian, is still off-shell supersymmetric. In particular, the bosonic part of this total 
Lagrangian, which will be the starting point of the next section, takes the form 

e- l £™ = hR+^=gL^Y tJ + Y^ + h-%Ld^L-^LF, up (B)F^(B) 

+2LZ,Z*» - \l^e„e» + ^"(V„ + ^gW») 

- l -F^{W)F^{W) - ^e~ 1 e^ ffXr B^F pa {W)F XT {W) 

~8JiP [ R ^>-) R " U <*("-) ~ 2F^(V)F, U (V) - 8F^(Z)F; u (Z) 
+ ±e- 1 e^ XT B llu R pa ab (u-)R XTab (u- 
where we have defined the complex vector fields 



(4.14) 



Z„ = V' 1 * + iV'f , Z; = V',11 - iV,i 2 = -V'l 1 + iV'f , (4.15) 

and field strengths 

F pu (V) = 2d [p V u] - tiZfrZZ, , F pu {Z) = 2d [lM Z u] - 2iV [p Z v] . (4.16) 



The part of the total Lagrangian containing the fermions is given in (3.5) and (4.10). None 
of the auxiliary fields have been eliminated so far, and the Lagrangian still possesses the 
U(1)_r, x U(l) symmetry. The field equations for the auxiliary fields Z p and V M are not 
algebraic anymore and therefore they become propagating. The auxiliary fields (Yij, E^^), 
on the other hand, still have algebraic field equations. Their elimination, as well as the 
breaking of U(1)h x U(l) down to a single U(l) will be discussed in the next section. 

At this point one may pursue two different lines of thought. The first is to consider the 
theory as a toy model in its own right and consider M 2 as an arbitrary (not necessarily 
large) parameter of the theory. The other is to think of \M 2 \ as being large compared 
to a cut-off A in the momentum squared. In that case the theory is to be treated as an 
effective field theory that describes phenomena with external momenta not exceeding vA. 



Furthermore, the curvature-squared term is a correction term of order A/|M 2 |. 10 In this 
case we can compare the theory with an effective (up to curvature squared terms) string 
theory Lagrangian compactified to 6 dimensions. In the next section we will only focus on 
the first line of thought. Let us however briefly comment on the elimination of the Z p and 
Vfj,. For A/|M 2 | <^C 1, one particular consequence of eliminating the auxiliary fields up to 



10 In this case, the ghosts expected to arise in the spectrum will have masses of order \M\ >> A which can 
be ignored in the effective theory valid up to the energy scale A. 
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order A/|M 2 | is that 



V M = - 



^(^""■ + ^v„(f-(v) + ...)=o 



(4.17) 



which, upon substitution back into the Lagrangian (4.14), and trivial elimination of the other 
auxiliary fields, gives 



-1 /'tot 
''-'bos 



-LR 

> 

1 
~4 



4 



9 2 L 2 



2M 2 



-L- l d,Ld»L 

F IMV {W)F^{W) 



-LF, up (B)F^(B) 



-1 jxvpaXr 



R, v ab {u^\ h {uj- 



1 



16 

-1 fiupaXT JD 



B^F pa (W)F XT (W) 



fiv-Ti'ptj \^- 



)R\TO,b{U- 



(4.18) 



8M 2 

We observe that g 2 = 2M 2 is a critical coupling at which the Maxwell kinetic term drops 
out. However, this is a regime for large coupling constant, and as such it falls outside the 
regime of perturbative validity. We shall nonetheless examine further what happens for this 
coupling in the next section where we study the field equations in more detail. Another 
property of this Lagrangian is that the dualization of the 2-form potential by adding the 



Lagrange multiplier term (2.33) and integrating over F(B), gives a dualized field strength 



of the form (2.35) which now contains also a Lorentz Chern-Simons term. 



In the Lagrangian (4.14) presented above, the Einstein-Hilbert term is not in a canonical 



frame. The metric can be rescaled appropriately to obtain the canonical Einstein-Hilbert 
action, still remaining in the formulation in terms of the off-shell Poincare supermultiplet 



displayed in (3.2). Alternatively, we can employ the off-shell Poincare multiplet that results 



from the gauge choices (2.3) by following the following procedure. Since the Lagrangian C\ 



given in (2.18) is already formulated in the desired supermultiplet formulation, we need to 



only construct £r2 in the same gauge. This can be done as follows. Firstly, we restore the 
superconformal invariance (again modulo the conformal boosts which do not affect the final 



result) in (4.10) by going over to hatted fields defined by 



a 



V2, 



% ij = V^'-4a- 1 V (4 V ) -4a- 2 V (J 7^ j) 



L 



? 



a 



-2 



L 



a" 9 / 4 (V - 2V2a- 1 L5 i ^ j ) 



Y, 



ij 



a 



± / i 



Wftpto 



3 r ( 



3) 



Q 1 



? 



a- 3 ^ 



a^V 



(4.19) 
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Next, we impose the gauge conditions listed in (2.3) and add the result to (2.18) to obtain 
the full R + R 2 theory in this gauge. This straightforward computation will not be carried 



out here since we shall be working in the gauge (3.1) which leads to the result (4.13) for the 
total Lagrangian. 



5 Vacuum Solutions 

The purpose of this section is to investigate the different supersymmetric and non-supersym- 
metric vacuum solutions of the i? 2 -extended Salam-Sezgin model discussed in the previous 
section. In the first subsection we present the bosonic field equations of this model. In the 
following three subsections we investigate vacuum solutions with no fluxes, 2-form fluxes and 
3-form fluxes, respectively. In the last subsection we compute the spectrum of the theory 
around six dimensional Minkowski spacetime. 



5.1 Bosonic Field Equations 

For the purpose of finding the vacuum solutions, it is convenient to eliminate the auxiliary 
fields as much as possible. Prior to adding the Riemann tensor squared invariant, we saw that 
the auxiliary fields (E^^, V' lJ , V M , F y ') can all be eliminated by using their field equations. 
However, upon the addition of the Riemann tensor squared invariant, while we can still 
eliminate (Y^ , E^^), we can no longer eliminate (V' y , V M ) since they acquire kinetic terms. 
Thus, we shall proceed with the elimination of {Y^^E^^) only. The relation 



Y l i 



1 



2^2 



gL8 ij 



readily follows from (3.5), while the Eny p(J field equation gives 



e ^po^ dii [ L -v Ev 



V2V U - gW u ) = 



This implies that we can locally write 

L~ l E. - V2V, - gW„ 



d„ 



(5.1) 



(5.2) 



(5.3) 



for some scalar (ft, which inherits the shift gauge symmetry transformations (2.26). This 



symmetry is readily fixed by setting <p equal to a constant, thereby arriving at the field 
equation 

1 



E, = ^2L[V,+ — 1 gW, 



(5.4) 
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Taking into account (5.1) and (5.4), we find the following bosonic field equations for the 

1 



propagating fields in the theory (|4.14|): 
LR 



L flU 



R 



V p V y L - L- l d^Ld v L + -g 2 g pu L 2 + -LF W<T {B)F V ^{B) 
-ALZ^Zt) - h-'E^E, + F lxp (W)F v "(W) 

-\g, v F p<T {W)F^{W)-^ f2 S, v , 

g 2 L + 2L- 1 DL - L-%Ld»L + ^F^(B)F^(B) 
-4Z p Z*^ - h^E^ , 
V p (LF^(B)) = ie-V"* (f p(7 {W)F Xt {W) + J^ '' pa R a , Xr 

= V P F^(W) + l -gE» + l -F v »°{B)F pa {W) , 

= V V F» V (V) + [2iF^(Z)Z* + h.c] + ^ r M 2 E il 

v2 

= (d p - iV^F^{Z) - iF vp {V)Z p - M 2 LZ V , 



(5.5) 



(5.6) 



pa I i 



(5.7) 

(5.8) 

(5.9) 
(5.10) 



where E^ is the U(l) invariant vector field determined in terms of the vector fields W p and 
V p as in (5.4). The fact that E^ is divergence free follows from (5.8), and separately from 
(5.9). We have also defined 

S pu = 8F W (V)F/(V) - 2g pu F pa (V)F^(V) - 32F p{p (Z)F\f(Z) - 8g pu F pa (Z)F*^(Z) 

— 4-R T \i P R\tv P + g^vRxrpuR Tpa + 8V a V R a ( pu )i3 + 8V a [R a ^ pa F~^ pa (B) 

+4F a x{fl (B)VPR\ )Q p - 4R x{ ^F 1/) Xr (B)F^(B) , (5.11) 

where F ± (B) = (F(B) ± F{B))/2 with F^p = -ie -1 e' u '' wAT F ffAT . We have simplified the 
Einstein equation by using (5.4) and the L field equation (5.6). We have also used the 
definitions 



R a 



/3pv — U/jTvp + ■ ■ ■ , 



TV = VP — VP -I- I T?P ( R\ 

- 1 - pu — *- +fiu *- pv \ 2 pv\ I ' 



Thus, we have 

/TV = R a \» ~ ^[pFu] aP (B) - lF a x[lI (B)F^ u] (B) . 
Given the vielbein postulate 



d p e a u + u p± ab e„ b -T p Tpu e a p = 



(5.12) 
(5.13) 

(5.14) 
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with co p ± and Y P ± IIV denned in (4.9) and (4.12), respectively, it follows that 



Rfiu a (u_)e a e Tb = R TjUV (r. 



-''' TUV • 



(5.15) 



The occurrence of covariant derivatives with and without bosonic torsion in the quantity S^ 
is due to the following manipulation: 

5 f eR^ ab (u-)R^ ab (u-) = 4 f R> u ' ab (w-)D li (w-)6w v - ab + a term ~ 5(eg pp g VCT ) 



4 / RTnkiu. 



D fl (u„,r + )5u u . 



ab 



-F pu p (B)5uj p 



ab 



+ a term ~ 5{eg pp g v 



(5.16) 



A partial integration in the first term is then responsible for the occurrence of V in the 
expression for S pu . Another useful variational formula takes the form 



S I e^ XT B, v R p(7 a \uj.)R XTab {uj. 



(5.17) 



£ 



pvpaXr 



J(5B pu )R pa ab (u.)R XTab (u^+AB pu d p [R Xrab (u;^8u^ ab ] 



The field equations for the abelian vector fields W^ and V M have an intricate structure. 
Suitable combinations of these fields describe a gauge field X p and a gauge invariant Proca 
field Yy, given by 



X p = V p + V2g- 1 M 2 W p , F M = V M + 



9 

V2 



W u 



(5.1* 



The field equations (5.8) and (5.9) can then be written as 



M 2 

V x pu = 

M g 2 - 2M 2 



1 



F vpa (B)(X pa -Y f 



PCJ ) 



v M r^ + -(g -2M 2 )LY h 



g z 



F vp "(B)(X p(T -Y, 



2 W ~" " ' 2(g 2 -2M 2 ) 

for 2M 2 - g 2 ± 0, and X^, Y pv given by 

Xpv = d p X u — d u X p , Y^ = dfjYy — d u Y p . 



pa - 1 pa } i 



(5.19) 
(5.20) 

(5.21) 



In the special case that M = g /2, the left hand side of the field equations (5.19) and 



(5.20) can no longer be diagonalized. As we saw earlier, this is a critical point at which the 
coefficient of the kinetic term for the Maxwell vector field vanishes to lowest order in 1/M 2 
when the auxiliary vector field V M is eliminated to the same order. 
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5.2 Vacuum Solutions Without Fluxes 

If g 7^ 0, the field equations do not admit a single constant curvature 6D spacetime solution 
for any value of the constant curvature, with or without supersymmetry. In particular, 
Minkowski spacetime is not a solution as can be readily seen from the equation R = g 2 Lo, 
where L = L$ is a non-vanishing constant and all other fields are set equal to zero. If g 2 = 0, 
on the other hand, setting L equal to a constant and all the other fields equal to zero yields 
Minkowsky as a supersymmetric solution. 

Next, let the six dimensional spacetime be a direct product of constant curvature spaces 
Mi x M2, with dimensions d\ and di- We find that solutions exist with 



R 



Hupa , /, -,\9 ^ J 0\9pp9u<r 9pa9vp) > -tipqrs , /, -, \ 9 -^0\9pr9qs 9ps9qrj 



L = L , M 2 = -n 3 g< 



(5.22) 



with all the other fields vanishing. Here Lq is an arbitrary non- vanishing positive constant, 
and the numbers (ni, 712, ^3) are given in Table [21 Note that here we are using the coordinates 

{x fl ,y r ). 



Table 2 



Solutions of the form Mi x Mi in the absence of fluxes. The numbers (ni, rii, 713) are defined in (5.22 ). 



Spacetime 


Tli 


n 2 


n 3 


Mink 4 x S 2 





1 


1 


dS 4 x T 2 


1 





1/6 


dS 4 x S 2 


6/7 


1/7 


1/7 


Mink 3 x S 3 





1 


1/3 


dS 3 x T 3 


1 





1/3 


dS 3 x S 3 


1/2 


1/2 


1/6 



There are also solutions involving a product of three 2-dimensional constant curvature 
spaces, whose curvature constants, allowed to vanish as well, are chosen properly. In all 
these solutions, and those tabulated above, M 2 is fixed in terms of g 2 , and all solutions are 
non-supersymmetric. 
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5.3 Vacuum Solutions With 2-Form Flux 



Next, let us consider a spacetime M^xM 2 , which is a direct product of two constant curvature 
spaces and turn on the fluxes produced by F(W) and F(V) on M 2 . We set L equal to a 
posit ive non-vanishing constant and the remaining fields equal to zero. In particular, from 
(5.4) it follows that V M = —gW^,/\/2. Using this information, we can make the following 



Ansatz for the non- vanishing fields: 



R 



i- uj 



3agf M;/ 



Rr 



F rs (W) = Cy/g~ 2 e r 



bg rs , 
F rs (V) 



L = L 
9 



V2 



c y92^Ts i 



(5.23) 



where a,b,c,L are constants, g 2 = detg rs , we have used the coordinates (x fJ, ,y r ) and £12 = 
e 12 = 1. Using this ansatz we find the following solutions. One of them is a direct product 
of 4D Minkowski spacetime with a 2-sphere, given by 

1 



Mink 4 x S z 



a = 



9 2 Lo , 



gL 

: v/2 • 



(5.24) 



Remarkably, this is precisely the supersymmetric Salam-Sezgin solution for any value of M 2 \ 
For this solution, the integrability condition for the Killing spinor equation 8 € ipjx = is 



JW* 8 ^ ~ 2^(V)^' 







where ft, a = 0, 1, ..., 5. For the solution (5.24) this give: 



11 



i (&3) A B 8 ik e j e B j = T^Ai 



(5.25) 



(5.26) 



The vanishing of 5 e (p l follows trivially, and, using (5.24) and (5.26), it follows that 5 € £l l = 



as well. So the only independent condition on the Killing spinor is given by (5.26). It implies 



M = 1 supersymmetry in Minkowski 4 . Indeed, using the Majorana spinors rji and r] 2 defined 



in footnote 11, the condition (5.26) turns into i^*^7i = ±^2 



The other solutions are given by 
a = M 2 L , b 



-(g 2 -12M 2 )L Q 



±Lr 



(g 2 -12M 2 )(g 2 -UM 2 ) 
2{g 2 - 2M 2 ) 



M * 2 9 



(5.27) 



11 We decompose the 6D Dirac matrices as T^ = 7„ (g) 1, T4 — 7* <£> <J\ and T 5 = 7* <£> 172. Then r* = 7* 173. 
This defines 4-dimensional spinors e^i — l*{o , z)A B ^Bi^ where the 4-dimensional spinor index is suppressed 
and A, B = 1,2 labels the 2-dimensional spinors on S 2 . The combinations 771 = en + ie22 and 772 = £12 — i£2i 
are 4-dimcnsional Majorana spinors. 
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and therefore they describe the following spaces: 



AdS 4 x S 2 

dS A x S 2 : 

dS A x H 2 : 



M 2 < 



14 



g 2 > M 2 > 



1/ M 2 1 2 
2 y 12 y 



(5.28) 
(5.29) 

(5.30) 



where if 2 is a 2-hyperboloid. For the special case of M 2 = g 2 /2, there exists the following 
solution 

Mink 4 x S 2 : a = , b =■ \g 2 L , M 2 = \g 2 , (5.31) 



for any value of c, which contains as a special case the solution ( 5.24[ ) for c = igLo/v^, and 
the first entry in Table [2] for c = 0. Of all the solutions with the 2-flux turned on, the only 
supersymmetric one is the one given in (5.24). 



5.4 Vacuum Solutions With 3-Form Flux 

We shall take the 6D spacetime to be a direct product of two three-dimensional constant 
curvature spaces Mi x M 2 with coordinates (x M , y r ), set L = L , turn on the 3-form flux and 
set the remaining fields equal to zero. Thus we have 






2a*M> 



p rs 



2 KA] 



F^vp(B) = 2ciy/—giE flI/p 



L — L , 

F rst (B) = 2C2yJg~2E rst , 



where g\ = detg M „ and g 2 = detg rs . From (5.13) we get 



B pa 



2(« + c 2 )^ 



p rs 



2(6 - 4) 5\ p 5 s q] . 



(5.32) 



(5.33) 



If we set g 2 = 0, then all the terms that depend on M 2 vanish since the curvatures defined 
above vanish due to the non- vanishing (parallelizing) torsion. This gives the known AdS% x S 3 
solution 



AdS* x S 3 



b . 



(5.34) 



This solution preserves full supersymmetry. Indeed the integrability condition for the exis- 
tence of Killing spinors requires that the torsionful curvatures vanish, and this is the case 



with the 3-form fluxes as given in (5.34). As a consequence, all the contributions of the 



Riemann tensor squared invariant to the field equations vanish in this case. 

Next, we seek solutions with g 2 ^ and nonvanishing 3-form flux. To bring the field 



equations to a manageable form, we shall supplement the Ansatz (5.32) with a further 
condition and introduce some notation 



c\ = -c 2 



(5.35) 
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Finding the most general such solution yields rather complicated relations among the pa- 
rameters. However, we have managed to find the following relatively simple and intriguing 
solutions: 

a = l(-Qc 2 + g 2 L ) , b = c\ M 2 = 9 - , (5.36) 





for arbitrary c 2 > 0. This solution corresponds to dS$ x S 3 for < c 2 < a -^- and to AdS% x S 
for c 2 > S -^ SI - Another solution is given by 



■S 



a± = y A ( 5 ^ L ° ~ 24L oM 2 T V3^L 2 (g* - 12g 2 M 2 + 48M^ 
p (-g 2 L + 24L M 2 ± V3^L 2 (g 4 - 12g 2 M 2 + 48M 4 )' 
l - (g 2 L, T V3^L 2 (g*-l2g 2 M 2 + 48M^ , (5.37) 



}± = 24 



C± = 24 

2 2 

where the + solution corresponds to dS% x S 3 for ^ < ^ 2 < \ an d the — solution cor- 
responds to AdS% x S 3 for M 2 > : ^||- and to dS 3 x if 3 for M 2 < ^. These solutions are 
non-supersymmetric. 

5.5 Spectrum in Minkowski Space-time 

Setting g 2 = 0, and expanding around 6D Minkowski spacetime, we define the linearized 
fluctuations 

9ii,v = V^u + h^ u , L = L + (f> . (5.38) 

Since all the other background fields are vanishing, we find that the linearized Einstein and 
L field equations take the form 

= L (n/v + d^dvh - 2d (pL d a h u)a ) + 2d li d„<f> 

-jL (ddv - 2nd^d a h u)Q + d^d v d a d^h aP ) , (5.39) 

= L (Dh - d^d u h^) + 2Ucj) . (5.40) 



Note that we have not imposed any gauge conditions yet. Using (5.40) in the trace of (5.39), 
we find 

□ (□ -M 2 L O )0 = O . (5.41) 

To simplify Einstein's equation, however, it is convenient to impose the gauge condition 

0*V = \ d » h ■ ( 5 - 42 ) 



In this gauge, the trace of Einstein's equation and (5.40) give 

□ (□ - M 2 L ) h = , (5.43) 

Uh = -4Lq lQ • (5-44) 
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We shall assume that M 2 ^ 0. Then it follows from fl5.41[ ) that either (D - M 2 L o )0 = 
or Dcf) = 0. In the first case, defining \ = □</>, it follows from (5.41), (5.43) and (5.44) that 
there is one massive scalar obeying (□ — M 2 L )x = 0. In the latter case, □</> = and it 



follows from (5.44) that Oh = as well. However, the solution of Oh = can be gauged 



away by the residual general coordinate transformations that preserve the gauge condition 
(5.42). Thus, we are left with a massless scalar described by □</> = 0. 



Turning to Einstein's equation, using the gauge condition (5.42), and the field equations 
obeyed by h and (ft, it becomes 



(□ - M 2 L ) DV = -2L l (D - M 2 L ) d^ 



(5.45) 



This equation, when (□ — M 2 L )(j) = 0, reduces to (□ — M 2 L ) Uh^ v = 0, describing a 
massless graviton and a massive graviton with mass M\/L^, one of which, depending on 
the overall sign in the action, has the wrong sign kinetic term. If □</> = 0, then we have 
(□ — M 2 L ) Oh/j, v = —2M 2 d l _ l d„(f). In this case, the solution of □</> = is to be substituted 
to the right hand side of this equation and treated as a given external source. Note that 
the gravitational field does not appear as a source in the field equation for the scalar 0, 



and there is no diagonalization problem here. Thus, the equation (5.45) again describes a 
massless and ghost massive graviton of mass M\fL$. 



The remaining field equations in the usual Lorentz gauges take the form 



□a, 



0, (D-M 2 L ) (M =0, n(n -M 2 L )b^ 



0. 



(5.46) 



where the notation for the fluctuations is self explanatory. These equations describe a 
massless vector and 2-form potential, a massive ghostly 2-form potential and three massive 
ghostly vectors. 

Next, we examine the linearized fermion field equations. Imposing the gauge condition 
7 M,? /V = 0' an d defining^ ip l = d^"ip l , a straightforward manipulation of the fermion field 
equations gives 



${U - M 2 L )^ = 
Dipt = \/2M 2 $w j 5.. 



ij , 



rj)i = V2L x i 



T'Sij , 



(5.47) 
(5.48) 



where ip' = ^ - U- X d ll d v ^ v ', i.e. d^ip' = 0. From (5.48), it follows that $ (□ - M 2 L ) ip 



0. Therefore, altogether we have a massless gravitino, tensorino (p and gaugino together with 
a massive gravitino and tensorino, both with mass Mx/Lq. 

In summary, the full spectrum consists of the massless Maxwell multiplet with fields 
(a M , Q), the (reducible) massless 16+16 supergravity multiplet with fields (h^, b^, <fi, ■0 jU , ip) 
and a massive 40 + 40 supergravity multiplet of ghosts with fields (h^ u , 6 MJy , z^, v^, 0, z/> M , ip), 
all with the same mass, M\/Lq, as expected. 
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This -0 1 is unrelated to the -0 1 introduced in (2.1 1, which was eliminated by (3.1) 
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6 Conclusions 

Our main goal in this paper has been the study of the R-symmetry gauging in the presence of 
higher derivative corrections to Poincare supergravity and its consequences for the vacuum 
solutions. To this end, we first studied the gauging of the U(l) R-symmetry of N = (1, 0), 
D = 6 supergravity in the off-shell formulation. The off-shell Poincare supergravity theory 
already has a local \]{1)r symmetry but it is gauged by an auxiliary vector field which 
is not dynamical. We performed the gauging that employs a dynamical gauge field by 
coupling the model to an off-shell vector multiplet equipped with its own U(l) symmetry. 
Then, we showed that this model has a shift symmetry which can be fixed, thereby breaking 
U(1)_r, x U(l) down to a diagonal Tj(l)# iag - As a result the auxiliary vector gets related 
to the vector coming from the Maxwell multiplet, and the on-shell model obtained in this 
manner agrees with the dual formulation [16J of the gauged Einstein-Maxwell supergravity 
constructed long ago [15], [16] . 

Next, we added a curvature squared super symmetric invariant, with the Riemann tensor 
squared as its leading term, to the off-shell model and studied its influence on the gauging 
procedure. This invariant causes the auxiliary fields to become 'propagating' and to mix 
with the physical fields. A particular combination of the physical vector and the auxiliary 
vector gauges the symmetry and another combination describes a massive vector field inert 
under U(l). We can, however, put a small parameter in front of the curvature squared part 
of the Lagrangian and consider it as a higher-order correction term. Then the auxiliary fields 
can be eliminated order by order and the gauging proceeds again via the vector field residing 
in the Maxwell multiplet. Treating the higher derivative extension either way, we have seen 
that the positive definite potential that arises in the minimal model does not get modified. 

Chiral gauged supergravity in six dimensions is known to admit a (supersymmetric) chiral 
Minkowski4 x S 2 compactification, while it does not admit a six-dimensional Minkowski 
or (anti) de Sitter spacetime as a solution, regardless of supersymmetry [T5]. We have 
shown that the inclusion of the Riemann tensor squared invariant remarkably leaves the 
supersymmetric Minkowski 4 x S 2 solution intact. We have also found new solutions in which 
the spacetime and the internal spaces may have positive or negative curvature constants. 
It is noteworthy that de Sitter spacetime solutions exist, avoiding a no go theorem that 



exists for ten dimensional supergravities 13 [2TJ [22]. While the spectrum in the 2-sphere 
compactification remains to be determined, we have found that the spectrum of the ungauged 
theory in six dimensional Minkowski spacetime, not surprisingly, has a ghostly massive spin 
two multiplet in addition to a massless supergravity and a Maxwell vector multiplet. 

Given that the (1,0) supergravity theory in six dimensions is the most supersymmetric 
and highest-dimensional supergravity model that admits an off-shell formulation, and that it 
admits an exactly supersymmetric higher derivative extension, it is worthwhile to study this 
model further. The coupling of Yang-Mills and hypermultiplets would be useful. In partic- 
ular, a possible modification of the quaternionic Kahler geometry, and consequences for the 
compactification would be interesting to determine. The model without such couplings har- 



13 Note that a possible string theory embedding does not contradict the avoidance of the 10D no go theorem 
since this theorem no longer holds when higher derivative corrections are included. 
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bors many anomalies. It is important to study the gravitational, gauge and mixed anomalies 
in the matter-coupled version of the higher derivative extended theory. The Green-Schwarz 
anomaly counterterm that involves the gravitational Chern-Simons term arises as part of 
the Riemann tensor squared invariant. However, the presence of the Riemann tensor squared 
term raises the question with regard to the presence of ghosts in the spectrum, defined in 
the presence of a suitable vacuum solution. Indeed, dealing with the ghost problem is of 
great importance for this model to have applications to model building, and it remains to 
be investigated. In particular, the consequences of the higher derivative extension for the 
braneworld scenarios put forward in [23] where 3-branes are inserted at singular points of 
the 2-dimensional internal space, would be worthwhile to explore. 

Various properties of the model we have studied here would naturally be affected by the 
presence of an additional higher-derivative supersymmetric invariant. In five dimensions, for 
example, it is known that a Weyl tensor squared invariant exists, in addition to the Riemann 
tensor squared invariant, which can be obtained from a circle reduction of the one studied 
here. However, whether the Weyl tensor squared or another combination of the curvature 
squared terms can be supersymmetrized in six dimensions is an open problem. If such 
invariants exist, not only would they be useful in avoiding the ghost problem, they would 
also play a significant role in a possible embedding of these theories, albeit in the ungauged 
setting, to the string theory low energy effective action. For a preliminary discussion of this 
problem, in the context of the Riemann tensor squared model we already have, see [8]. 

The embedding of the higher-derivative extended model to string theory might also pro- 
vide new grounds for testing the conjectured connection between microscopic and macro- 
scopic black hole entropy. The use of off-shell supersymmetric Riemann tensor squared 
extended J\f = 2, D — 4 supergravity in this respect has been illustrated in [21]. The exis- 
tence of static, rotationally symmetric black hole solutions that are Af = 2 supersymmetric 
and that approach Minkowski spacetime at spatial infinity and Bertotti-Robinson spacetime 
at the horizon play a significant role in the work of [24J. It is notoriously difficult to find 
exact black hole solutions of higher-derivative gravities. Black hole solutions of the ungauged 
(1, 0) 6D supergravity have been found in [25J and there exists an exact string solution of the 
theory we have studied in this paper [2E]. Nevertheless, black hole solutions in the presence 
of gauging and/or a higher-derivative extension remains an open and challenging problem. 
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